ON THE GLOBAL WELL-POSEDNESS OF THE BOUSSINESQ 
SYSTEM WITH ZERO VISCOSITY 
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Abstract. In this paper we prove the global well-posedness of the two-dimensional 
Boussinesq system with zero viscosity for rough initial data. 



1. Introduction 

This paper is a sequel to [12]. We continue to study the global existence for the two- 
dimensional Boussinesq system, 



dfV + V ■ Vv — i^Av + Vvr = 6e2, 
dtO + v-Ve- kA9 = 0, 
div V = 0, 



Here, 62 denotes the vector (0, 1), v = (^1,^2) is the velocity field, vr the scalar pressure 
and 9 the temperature. The coefficients and k are assumed to be positive; ly is called 
the kinematic viscosity and k the molecular conductivity. 

In the case of strictly positive coefficients and k both velocity and temperature have 
sufficiently smoothing effects leading to the global well-posedness results proven by nu- 
merous authors in various function spaces (see [41 |9l [15] and the references therein) . 
For > and k = the problem of global well-posedness is well understood. In [5], Chae 
proved global well-posedness for initial data {v^,9^) lying in Sobolev spaces x 
with s > 2 ( see also [T3]). This result has been recently improved in [TT] by taking the 
data in x H^, with s > 0. However we give only a global existence result without 
uniqueness in the energy space x L^. In [Ij we prove a uniqueness result for data 
belonging to fl x -621- More recently Danchin and Paicu [8] have established a 

uniqueness result in the energy space. 

Our goal here is to study the global well-posedness of the system (Bq^k), with k > 0. First 
of all, let us recall that the two-dimensional incompressible Euler system, corresponding 
to 0° = 0, is globally well-posed in the Sobolev space H^, with s > 2. This is due to 
the advection of the vorticity by the flow: there is no accumulation of the vorticity and 
thus there is no finite time singularities according to B-K-M criterion [3]. In critical 

spaces like 1 ^^e situation is more complicate because we do not know if the B-K-M 
criterion works or not. In [16], Vishik proved that Euler system is globally well-posed 
in these critical Besov spaces. He used for the proof a new logarithmic estimate taking 
advantage on the particular structure of the vorticity equation in dimension two. For 
the Boussinesq system (-Bo,k)) Chae has proved in [5] the global well-posedness for initial 
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data V ,9 lying in Soboloev space H^, with s > 2, His method is basicahy related to 
Sobolev logarithmic estimate in which the velocity and the temperature are needed to be 
Lipschitzian explaining the restriction s > 2. We intend here to improve this result for 
rough initial data. Our results reads as follows (see the definition of Besov spaces given 
in next section ). 

1+2 

Theorem 1.1. Let £ B^^^ be a divergence-free vector field of M? and 9^ £ V , with 
2 < r < p < oo . Then there exists a unique global solution (v, 9) to the Boussinesq system 
[Bq^^),k > such that 

V G C(M+; Blfn <^nd 9 G L°°(M+; U) n LI,{R+- B^^). 

The situation in the case p = +oo is more subtle since Leray's projector is not continuous 
on L°° and we overcome this by working in homogeneous Besov spaces leading to more 
technical difficulties. Before stating our result we introduce the following sub-space of L°° : 

u G B°° <J4> Ijulleoo := ||u|[l=o + ||A_in||RO < oo. 

-°oo,l 

We notice that B°° is a Banach space and independent of the choice of the unity dyadic 
partition. For the definition of the frequency localization operator A_i we can see next 
section. Our second main result is the following: 

Theorem 1.2. Let G B^ ^, with zero divergence and 9^ G B°° . Then there exists a 
unique global solution {v,9) to the Boussinesq system {Bq^,^),k > such that 

veCiR+;Bl^,) and G Li~ n i?^,^). 

The key of the proof is to bound for every time Lipschitz norm of both velocity and 
temperature. This will be done by using some logarithmic estimates and Theorem 13.11 
The last one describes new smoothing effects for the transport-diffusion equation governed 
by a vector field which is not necessary Lipschitzian but only quasi-lipschitzian. Its proof 
is done in the spirit of [TT] . 

The rest of this paper is organized as follows. In section 2, we recall some preliminary 
results on Besov spaces. Section 3 is devoted to the proof of smoothing effects. In section 
4 and 5 we give respectively the proof of Theorem 11.11 and II. 2[ We give in the appendix 
a logarithmic estimate and a commutator lemma. 

2. Notation and preliminaries 

Throughout this paper we shall denote by C some real positive constants which may be 
different in each occurrence and by Co a real positive constant depending on the initial 
data. 

Let us introduce the so-called Littlewood-Paley decomposition and the corresponding cut- 
off operators. There exists two radial positive functions x ^ 'D{M.'^) and ip G I?(M''\{0}) 
such that 

i) xiO + Yl '^(2"'^) = V > 1, supp X n supp ip{2-'^) = 

q>0 

ii) supp 9?(2"P-) n supp 95(2~'?-) = 0, if \p - q\ > 2. 
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For every v G we set 

A_iv = xi^)v ; G N, Aqv = ip{2-''D)v and Sg = ^ Ap. 

-i<p<ij-i 

The homogeneous operators are defined by 

Agv = 99(2"5D)t;, SqV = ^ Ajv, G Z. 

j<q-i 

From [2] we spht the product uv into three parts: 

uv = TuV + TyU + R{u, v), 

with 

TuV = ""^^ Sq-iuAgV and R{u,v) = AquAqiv. 
1 k'-'7l<i 
Let us now define inhomogeneous and homogeneous Besov spaces. For {p,r) G [l,+oo]^ 
and s G M we define the inhomogeneous Besov space Bp ,^ as the set of tempered distribu- 
tions u such that 

IIuIIbs , := (2«"||A5u|| ^ <+cxD. 



LP , 

The homogeneous Besov space Bp j, is defined as the set of u G up to polynomials 

such that 



\\u\\r,, := (2'^^\\AqU\\Lp] < +00. 

Let r > and /? > 1, we denote by L^B^ j. the space of distributions u such that 

V||A,^x|tiP 

We say that u belongs to the 



< +00. 



The relations between these spaces are detailed below are a direct consequence of the 
Minkowski inequality. Let e > 0, then 

LrpB p J, ^ Lfj^Bp J, '' ^ LrpBp ^ , if T ^ 

LrpB p ^ '' ^ LrpB p ^ LrpB p ^ , if P ^ T. 

We will make continuous use of Bernstein inequalities (see for example [6j ) . 
Lemma 2.1. There exists a constant C such that for /cGN, l<a<6 and for u G L"'{M.'^), 
sup IIS^VIIl" < C^'25('=+'^(^-^»||Vlli'"> 

\a\=k 

C-''2'^^\\Agu\\L^ < sup Wd^AguU- <C''2'^^\\Agu\\L-. 

\a\=k 

The following result is due to Vishik [IB] . 
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Lemma 2.2. Let d > 2, there exists a positive constant C such that for any smooth 
function f and for any diffeomorphism of preserving Lebesgue measure, we have for 
all p € [1, +oo] and for all j, q Z, 

||A,-(A,/o^)||^p < C2-|j--^l||VV''(^'5)||ioo||A,/||iP, 

with 

v{j,Q) = sign{j - q). 
Let us now recall the following result proven in [HI [10] . 

Proposition 2.3. Let u > 0, ip,r) G [l,oo]^, s €] - 1,1[, v £ L/„^(M+; Lip(R'^)) with 
zero divergence and f be a smooth fuction. Let a be any smooth solution of the transport- 
diffusion equation 

dta + V ■ Va — u/S.a = /. 
Then there is a constant C : C{s,d) such that for every t € M+ 

where V{t) := [ ||Vv(r)||Loodr. 

3. Smoothing effects 

This section is devoted to the proof of a new regularization effect for a transport-diffusion 
equation with respect to a vector field which is not necessary Lipschitzian. This problem 
was studied by the first author jlT] in the context of singular vortex patches for two 
dimensional Navier-Stokes equations. The estimate given below is more precise. 

Theorem 3.1. Let v be a smooth divergence-free vector field of with vorticity uj := 
curl V. Let a be a smooth solution of the transport- diffusion equation 

dta + V ■ Va — Aa = 0; a^f^Q = a^. 

Then we have for g G N U { — 1} and t >0 



j \\Aga{T)\\L^dT < ||a°||Loo (^1 + t + (g + 2)||a;||iiioo + ||VA_ii;||^i^o 



22g 

Remark 1. In [lOj . the first author proved in the case of Lipschitzian velocity the following 
estimate 

(1) 22?^ ||Aga(r)||ioo(ir < ||a°||Loo(l + t + ^ ||Vt;(r)||ioo(ir 

We emphasize that the above theorem is also true when we change L°° by L^, 
with p G [1, oo]. 



Proof. The idea of the proof is the same as in |T0]. We use Lagrangian formulation 

combined with intensive use of paradifferential calculus. 

Let g G N*, then the Fourier localized function aq := A^a satisfies 



(2) dtUq + Sq-lV ■ Vaq - AOq = {Sq-l - Id)v ■ VOg - [Aq, V ■ V]a := Qq. 
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Let V'g denote the flow of the regularized velocity Sq-iv: 

'll^q{t,x) = X + Sg-lv{T,1pq{T,x))dT. 

Jo 

We set 

aq{t, x) = aq{t, ipq{t, x)) and gq{t, x) = gq{t, tl;q{t, x)). 
From Leibnitz formula we deduce the following identity 

d 

Aaq{t,x) =^{Hq- {d'%){t,x), + {Vaq){t,%{t,x)) ■ /^^q{t,x), 

i=l 

where Hq(t,x) := (S7'^aq){t,'ijjq(t, x)) is the Hessian matrix. 

Straightforward computations based on the definition of the flow and Gronwall's inequality 
yield 

d'ipq{t,x) =ei + hi{t,x), 
where {ei)f^i is the canonical basis of M*^ and the function hq is estimated as follows 

(3) WKmL^ <Vq{t)e^^''^'\ with Vq{t):= [ \\\/ Sq-lv{T)\\L^dT. 



Q 

Applying Leibnitz formula and Bernstein inequality we find 

(4) ||AV^,(t)||i^ <2^y,(t)e^^'W. 
The outcome is 

(5) Aaq{t, x) = iAaq)it, %{t, x)) - Tlqit, x), 
with 

II^^WIIl- < ||Vag(t)||L^||AVg(t)||L- 

+ ||V\(t)||L^sup(||/i^(t)b- + ||/i;(t)||ioo) 

i 

(6) < 22'?y,(t)e^^'W||a,(t)||L^. 

In the last line we have used Bernstein inequality. 
From ([2]) and ([5]) we see that Uq satisfies 

{dt - A)aq{t, x) = 7^g(^, x) + gq{t, x). 

Now, we will again localize in frequency this equation through the operator Aj. So we 
write from Duhamel formula, 

Ajaq{t,x) = e*^Ajaq{0)+ [ e^^'^^^ Ajnq{T,x)dT 

Jo 

(7) + / e(*--)^A,5g(r,x)dT. 



At this stage we need the following lemma (see for instance [?])• 
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Lemma 3.2. For u G and j G N, 

(8) ||e*^Ajn||Loo < Ce"^*^"' || Aju||loo , 
where the constants C and c depend only on the dimension d. 
Combined with ([6]) this lemma yields, for every j G N, 

(9) ||e(*-^)^A,7^,(T)boo < 22«y,(r)e^^''Me-^(*--)22^ ||a,(T)boo. 
Since the flow is an homeomorphism then we get again in view of Lemma [8] 

||e(*--)^A,^,(T)b^ < e-^(*--)2'^(||[A„T;.V]a(r)||i^ 

(10) + \\{Sg-iv-v)-Vag\\L^y 
From Proposition 15.41 we have 

\\[Ag,v V]a{t)\\L^ < \\a{t)\\L^(^\\VA^iv{t)\\L^ + iq + 2)Mt)\\L. 

(11) < \\a'^\\L^(\\VA_^vit)\\L^ + {q + 2)Mt)\\Looy 

We have used in the last line the maximum principle: ||a(t)||Loo < ||a'^||j;,oo. 
On the other hand since g G N*, we can easily obtain 

\\{Sq^iv -v) -VagWLoo < ||a<y||£,oo25 ^ 2"^ || Ajw||ioo 

(12) < ||a°||L°°||^||L°°- 
Putting together dZ]), ®, i^, ([II]) and ^ we find 

l|A,a,(t)||i^ < e-^*2^^||A,a0b^ 

+ y,(t)e^^^W22'' [\-<'~^^'''\\agiT)Uo.dT 
Jo 

+ ((? + 2)||aO||Loo [ ' e-<''^^^''\\u;{r)\\LoodT 
Jo 

+ ||a°||L- / e-^(*-")2'^||VA_it;(r)||ioodT. 
Integrating in time and using Young inequalities, we obtain for all j G N 
W^jaghjL^ ^ (2'^r'(l|A,aO||L^ + (g + 2)|IaO||L^||^|Iiiioo + 

||aO||ioo||VA_i7;||,i^oo) + yq(t)e^^'W22('?-i)||a,||,iioo. 



Let be a large integer that will be chosen later. Since the flow is an homeomorphism, 
then we can write 

\j~q\<N \j-q\>N 
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Hence, for all q > N, one has 

2'^IIsIIlil- < + 22^||aO||L- ((g + 2)||a;||^i^oo + || VA^it;!!^!^..) 

\j-Q\>N 

According to Lemma 12.21 we have 

l|A,a,(t)|Uc. < 2-l'?-^'le^^''W||a,(t)||ioo. 

Thus, we infer 

2'^IIsIIlil- < + 22^|jaO||L- ((g + 2)||a;||^i^oo + \\VA^iv\\lIl^) 

+ y,(t)e^^'W22^22''||a,||^i^.„ +2-^e^^''W22^||a,||^i^^. 
For low frequencies, q < N, we write 

2^'^||agllLiL°° ^ 2^^|[a||£^ij;^oo. 
Therefore we get for q G NU { — 1}, 

2^^||ag||Liz,oo < ||a°|lL°° + 2^^|ja||^i^oo 

+ 22^||aO||L^ + 2)||a;||^i^.. + ||VA_i7;||^iioo) 
+ (F,(t)e^^''W22^ + 2-^e^^«W)22'?||a,||^iio.. 
Choosing and t such that 

yg(t)e^^'W22^ + e^^''W2-^<6, 
where e << 1. This is possible for small time t such that 

V,{t) < Ci, 

where Ci is a small absolute constant. 

Under this assumption, one obtains for q > —1 

2^''l|agllLiL- < \\a\\LlL°° + + (9 + 2)||u;||iiioo + || VA_ii;||^i^cx,) . 

Let us now see how to extend this for arbitrarly large time T. We take a partition 
of [0, T] such that 

/ \\\7Sg-iv{t)\\L^dt:^Ci. 
J Ti 

Reproducing the same arguments as above we find in view of ||a(r2) ||j;,oo < ||a'^||_L°°, 
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2^' / \\ag{t)\\L^dt < [ \\a{t)\\L^dt + Wa^U^ 



a°l|L-((9 + 2) / ||cj(t)||Loodt 
\\VA^ivit)\\Lo^dt]. 

Summing these estimates we get 

2''IIag||ii.ico < ||a||^^^^ + (M + l)||a°||L- + 

+ ((9 + mAL\L^ + l|VA_i^;||^^^o 

As M f« Vq{T), then 

2'^||«g|lL^L- < lkllL^L- + (n(r) + l)ll«°llL- + 

+ l|a°llL-((9 + 2)||a;||i^i- + II VA_ii;||^i^^oc) . 

Since 

IIVVi^IIl- < ||VA_ii;||l^ + (g + 2)||u;||L-, 
then inserting this estimate into the previous one 

2"'||a9llLiL- < ||a°||L^((l+T) + (g + 2)||a;||iiioo + ||VA_i^;||^i^„ 



This is the desired result. □ 

4. Proof of Theorem 11.11 

We restrict ourselves to the a "priori estimates. The existence and uniqueness parts are 
easily obtained with small modifications of the proof of Theorem 11.21 



Proposition 4.1. For ^ B and 6^ € U\ with 2 < r < p, we have for t € 



1) 



II^WIIl^<II^°I 

2) 



llf^ll , 1+2 + ||u;(i)||Loo + ||a;||^^ < Coe^ 



,^2 + llWinil TOO + lltJIIr^ ^ Lyne^'^°' 

3) 



Il^llziij2 +II^IL 1+1 <C7oe^'''°*, 

t p.l 

where the constant Cq depends on the quantity ||^'^||l'' o-nd \\v^\\ 1+2. 

B ,^ 
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Proof. The first estimate can be easily obtained from energy estimate, for the second 
one, we recall that the vorticity to = div^ — d2V^ satisifies the equation 

(13) dtoJ + vVoj = di9. 
Taking the norm we get 

(14) ll^(i)llL°° < + llV^lliiLco. 

i+- 

Using the embedding B^.^'' ^ Lip(M^) we obtain 



T 1 R 

From Theorem 13.11 applied to the temperature equation and by Bernstein inequalities we 
deduce for e > 0, 

MilBtoi ^ (l + * + IMiji^ + ||A_iVt;||^i^^ 

< i|^°||L'- (l + t + + \\Vv\\lilv 

This leads for r > 2 to the inequality 

11^11, + ^ < \\0''\\Lr(l+t+\\u;hiL^ + \\Vv\\LiLp)- 

On the other hand we have the classical result ||Vu||lp ~ Hoiljip, for p g]1,oo[. Thus we 
get 

\\0\\ i+'A < ||6'°||L'-(l + i+ II^^IIliloo + ll^ll^i^p 
The estimate of the norm of the vorticity can be done as its L°° norm (r < p) 



Set f{t) := \\u){t)\\Loof-^]^p + 116*11 . Then combining the above estimates yields 

fit) < l|u;°llL-nLP + II^°I|l'-(i + t) + we^'Ur f f{T)dT. 

Jo 

According to Gronwall's inequality, one has 

(15) Mt)\\Lo^nLp + \\0\\ ^ 1+2 < (||^°||L-nLp + ||0°||LKl + i))e^*"'°"^'' <Coe^°*, 
where Co is a constant depending on the initial data. 

Let us now turn to the estimate of ||a;(t)j|no . From Proposition 15.31 and Besov embed- 

oc,l 

dings, 

(16) < (II^°I|l- + ||^|L ,+a)(l + ||V^;||ii^oo). 
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On the other hand we have 

\\Vv{t)\\L^ < \\VA^iv{t)\\L^ +^\\AgVv{t)\\L^ 
< \\VA^iv{t)\\LP + Mt)\\BO^^^ 

(17) < ||a;(t)||LP + IMi^^o . 

t oo , 1 

Putting together (jlSp . (|16p and (jl7p and using GronwaU's inequahty gives 

(18) ||Vu||l°° + IIwIItooro <Coe^^'°\ 

It remains to prove the third point of the proposition. The smoothing effect on ^ is a 
direct consequence of ([T]) and the above inequahty, 

t r,oo 

Concerning the velocity estimate we write 

II^^IL 1+1 ^ \\v\\l^Lp + ||w|L I • 

Using the velocity equation, we obatin 

Mt)\\LP <\\v°\\lp +t\\e°\\LP + [ \\V{V ■Vv){T)\\LpdT. 

Jo 

where V denotes Leray projector. It follows from classical estimate that 

WViv ■ Vv)\\lp < \\v ■ Vv\\lp < \\v\\lp\\^v\\l^. 
Thus we get in view of GronwaU's inequality and (jlSh 

(19) hhrLP <Coe'''''°' . 

It remains to estimate ||w(t)|| 2 . We apply Proposition 12.31 to the vorticity equation and 
we use Besov embeddings, 

llc^lL ^ < e^^W(||u;0|| , + \\9\\ ,^2) 

< e-W(||.0|| , +11^11^,^.,,). 

It suffices now to use (fTSl) and (fTBI). □ 



5. Proof of Theorem 11.21 

The case p = +00 is more subtle and the difficulty comes from the term || VA_it;||Loo , 
since Riesz transforms do not map L°° to itself. To avoid this problem we use a frequency 
interpolation method. The proof will be done in several steps. The first one deals with 
some a priori estimates. We give in the second the uniqueness result and the last is reserved 
to the proof of the existence part. 
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5.1. A priori estimates. The main result of this section is the following: 
Proposition 5.1. There exists a constant Cq depending on \\v^\\no and ll^'^IUoo such 

oo.l 

that for t G [0, oo[ 

\\0{t)\\Loo < ll^lliiBi < Coe^o*' and 



Ibllz-Bi +Ml^b^ +\\dit)\\B^ < Coe' ' . 

t oo,l CXI, CXI 

Proof. The L°°-bound of the temperature can be easily obtained from the maximum prin- 
ciple. To give the other bounds we start with the following estimate for the vorticity, 
which is again a direct consequence of the maximum principle, 

(20) II^^WIIl- < + ||V6i|jriroc < ||w°||loo + ||6i||rioi . 

t t oo , 1 

Let N (^N*, then we get by definition of Besov spaces and the maximum principle 

g<N-l q>N 

< 2''t\\e^u^ + Y,n\o\\LiL^- 

q>N 

By virtue of Theorem 13.11 one has 

IMl^b^ ^ 2^t||^°||Loo + 2-^||^°||loo (l + t+ ||VA_i?;||^iioo + N\\uj\\lilo 

t oo,l \ t t 

< 2^t||^°||Loo + 2~^\\e^\\L^ (l + t+ |lVA_i?;||^iioo) + llwllii^oo. 
Choosing judiciously N we get 

1 

(21) \\^\\l\bI^,, < \M^L^+tl\\6''\\L^(l + t+\\V/\-iv\\LlL^Y 

The following lemma gives an estimate of the low frequency of the velocity. 
Lemma 5.2. For all t > 0, wed have 

||VA_i?;(t)||ioo < l + log(e+ + t||6'°||L°°) 

Proof. Fix iV G N*. Since A_i = A_i(S'_Af + Eq=-jv ^q) t^^n we have 



||VA_iw||loo < llVS-ATf IIloo + ^ ||VAqw||Loo 

q=-N 



< 2-^\\v\\l^ +^\\KqUj\\L^ 

~N 

< 2-^\\v\\l^ + N\\io\\L<^. 
Taking N log(e + ||t)||/^oo) we get 

(22) 1|VA_i?;||l^ < 1 + \\lo\\l^ log(e + \\v\\l^). 



|2 
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It remains to estimate ||f |jL°°- Let M G N then we have 

^ \\S-mv\\l°° + 2*^||cj||loo. 
Now using the equation of the velocity we get 

\\S-Mvit)\\Lo° < WS-Mv'^Wl^ + WS-mOWlIioo 

+ I ||S'_MdivP(u(g)t;)(T)||LoodT 

< |b°||L- + t\\e^L^ + 2-'"' f \\v{T)\\l^dT. 

Jo 

We have used the fohowing inequahty 

\\S-MdwV{v ^v)\\loo < ||AgdivP(v (g) v)||loo < ^ l^Wv^vl 

q<-M-l q<-M-l 

Thus we obtain 

\\v\\l^ <\\v'^\\L^+t\\e'^\\Lo^+2-^'^ [ \\v{T)\\la.dT + 2^^\\uj{t)\\L^. 

Jo 

Taking M such that 

22M ^ /q Iblli""^''" 

II W ll^oo 

we find ^ ^ 

IbllL- < ||^^°||l- +t||^°||L- + lk(i)|||oo(^ ||t;(r)||ioodT)'. 
According to Gronwall's inequahty we get 

(23) 11^7^00 < (|1^0||^^ +t||0O||^«,)e^*"""^r^°°. 

Inserting this estimate into (j22p we find the desired inequality. 
Lemma [512] and ([2T]) yield 



dr 



ll^lliiBi < Co(l + t2) + ||a;||2,^^+Co(l+t2) /■ ||a;||i„ 

t 00,1 t 

< Co(l + t^)(l + J IMlooLocdry 
Combining this estimate with ([20|) yields 

||w|||oo^oo < Co(l + t^) (^1 + J ||'^||i:^L°°'^''") • 

Applying Gronwall's inequality we get 

(24) ||w(t)||L- < Coe^°*'. 
This gives 

(25) 11^11.1^1 <Coe^»*'. 



ON THE GLOBAL WELL-POSEDNESS OF THE BOUSSINESQ SYSTEM WITH ZERO VISCOSITY 13 

From Lemma 15.21 we have 

(26) ||VA_i7;(t)||Loo < Coe^o*'. 

Let us now turn to the estimate of the vorticity in ^ space. For this purpose we apply 
Proposition 15.31 to the vorticity equation, with p = +oo and r = 1 

(27) ll^llz-ijo^^ ^ (ll^°b- + l|V^||LiBO^ j(l + ^ \\Vv{T)\\L^dTy 

On the other hand we have by definition and from (|26|) and (j27p 

\\'^v(t)\\L^ < \\v\\i^^l < \\\/A^iv\\l^l^ +'^\\AgUj\\L^L°° 



< Coe^o*'(l + ^V(T)||Bi^/r 



It suffices now to use Gronwah's inequahty. 

To estimate ||0||/,is2 it suffices to combine ([T]) with the Lipschitz estimate of the velocity. 
The last estimate ||0(t)||goo will be done as follows: 

mt)\\B^ < ||0°||loo +^||A,0(t)||ioo. 

q<0 

Using the temperature equation we find 

\\Aq9{t)\\L^ < \\Ag9^\\Loo + \\Ag{vV9)\\LiLoo + \\AgAe\\LiLa. 

< \\Ag9^L<^ + 2''\\v 9hiL^ + 2^''\\ehiL^ 

< \\Ag9^L^ + 2''\\9''\\lo^\\v\\lilo^ +2^H\\9''\\l^. 

Therefore we get 

l|Ag^(t)||Loc < E IIN^°boo + Coe^"""''. 

g<0 q<0 

This concludes the proof of the proposition. □ 

5.2. Uniqueness part. As it was shown in the previous paragraph we can give an a 
priori estimates for both Lipschitz norms of the velocity and the temperature only under 
the assumption G ^ and 9^ € L°°. However it seems that the uniqueness part (even 

the existence) needs an addition condition of the initial data 9^, namely A_i G B^ ^. 
Let us consider two solutions {{v^ ,9^)}^^^ for the system (-Bo,k)) with initial data 
(^yjfi^ 9^'^), j = 1,2 and satisfying for a fixed time T > 

G Lf and 9^ G L^B"^ H Lip(M2). 

We set 

^ = ^;l-^2 .^^l_^2 ^^^l_^2 0^^1,0_^2,0 ^0 ^ ^1,0 _ ^2,0^ 
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Thus we have the equations 

(28) dtv + v^ ■Vv = -V'K-vVv'^ + ee2, 

(29) dtO + -ve - Ae = -V ve^. 

Hereafter we denote Vj{t) := C||Vt;-' ||^i^oo, j = 1,2. Now applying Lemma [231 yields 

IbWIIfiO <e^^W(||t;0||5o + r(||Vvr(r)||^o + ||^ • V^^^^^n + 

oo,l \ oo,l Jq ^ oo,l oo,i oo,i 

To estimate the pressure we write the following identity 

Att = -div {v'^ -Vv + v ■ Vv^) + 820. 
Since div (^v^ ■ Vv) = div (f • Vv^) then 

= -VA^^div {v ■ V{v^ + v^)) + VA-^d2e. 

From the embedding ^ ^ B'^ ^ and the fact that Riesz transforms act continuously 
on homogeneous Besov spaces, one obtains 

iiv^iifio ^<\\v-v{v'+v^)\\^o +\m^o 

oo,l ^oo.l ^oo.l 

It is easy to see that 

oo,l ^— • ^ ' 

< \\v\\l^\\v^ + v'^\\l°° + \\v ■ V{v^ + v'^)\\bo . 

oo , 1 

Using Bony's decomposition and the incompressibilty of the velocity v one obtains the 
general estimate 

\\v-^uj\\bo , ^ \\v\\b" Jkllfii 

oo , 1 00,1 00,1 

It follows that 

\\v ■V{v'^ +v'^)\\bo < 11^11^0 1 

oo , 1 oo , 1 oo,l 

oo,l oo,l oo,l 

Putting together these estimates gives 
with 



'Wi,2it) := \\v'^it)\\Bl ^ + ^ 



It remains to estimate the quantity ||^||j;^i^o • For this aim we split 9 into low and high 
frequencies 
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Using the equation of 6 we get easily 

\\Age{t)\\L^ < WAgO^Lo^ + \\Ag{dw{v^ 9 + v6^)\\lil^ + ||A,A0||^i^.o 

< ||A,0O||ioo + 2'? r(||t;i(r)||z.oo||0(T)|Uoo + 11^2(^)1,^^11^(^)11^^)^^ 
Jo 

Combining both last estimates with Besov embeddings (essentially ^ ^ ^ ^ 
gives 

ct 



\m)\\BO , < j;||A,eOb^+ / (l + t.i,2(r))||0(r)||^o dT 

q<0 

+ \\o'''\\l^ /"Vwilfio dT + \\e{t)-A^^e{t)\\so 

Jo • ' 

Integrating over the time and using Gronwall's inequality 



g<0 



(31) + ||0-A_i0||^iBO 

It remains to estimate \\9 — A_i6'||^i^() ^. For this purpose we apply Proposition 12.31 to 
the equation ([29]) with s = — ^ and p = r = oo 

\\9-A.,e\\ s < e^^W(K|| ^ + f\\vVe\r)U^dT). 



We have used in the above inequality the embedding ^ -BooJ'oo- 

3 

Since i?c^,oo "-^ -^So.i' "^^ ^'^d 

\\e - A^MlIb^^,^ < e^*""^'^"-?°(||0O|| ^ + r||^(r)||50^J|V&2(r)||i^dr 
Inserting this estimate into ([3T]) we get 

* k(r)||5c. ^^(||Ve2(r)||^^ + ||02,O||^^)^^^^ 
Putting together this estimate with ()30p we obtain 

32,0| 







+ / \Hr)\\BO ^{w^4T) + \\ve\T)u^ + \\9' 

Jo ' 
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It follows from both last estimates and Gronwall's inequality 
where r/ = — > is a function depending on the quantities || roo ni , || V^-' || ri roo 

t CX3,1 t 

and This concludes the proof of the uniqueness part. 

5.3. Existence part. We will briefly outline the proof of the existence part which is 
classical. We smooth out the initial data {v^,6^) := {SnV^ , SnO^), which is uniformly 
bounded in ^ x and it is easy to check the following convergence result 

Jim (|K-t;0||^o^^+ ^||A,(0O- 00)11^^ + 11^0 -e^ll ^ ) = 0. 

°° ' q<0 

Since the initial data {v^,6^) are smooth then the corresponding Boussinesq system has 
global unique smooth solutions {vn, On)- In view of Proposition lSTD one has for every t € M+, 
the uniform estimates: 



Vn\\L°°B'^ , + ll^n(*)||L°= + || V0„ H^^i j;^^ < CqC 



Now according to ([32]) the sequence {vn,On)n converges strongly in Lj^^(M+; i?^ j^) x 
Lj^„^(M+;S^i) to {v,e). This is sufficiently to pass to the limit in the equations and 
deduce that (f,0) satisfies the system (-Bo,k)- 

It remains to show the continuity in time of the velocity. This comes from the estimate 
||f ||];;oo^i , (see [l2] for more further details). 

The proof of Theorem 11.21 is now complete. 

Appendix A. Logarithmic estimate 

We shall now give a logarithmic estimate which is an extension of Vishik's one |16j . Our 
result was firstly proved in [13| and for the convenience of the reader we will give here the 
proof. 

Proposition 5.3. Let p, r € [l,+oo], v he a divergence-free vector field belonging to the 
space Lj^^^(R_|_; Lip(M^)) and let a be a smooth solution of the following equation {with 
1/ > 0), 

dta + V ■ Va — i/Aa = / 
a\t=o = a". 

// the initial data aP G Bp ,., then we have for all t € M+ 

,0^ <C(|IaObo,„ + ||/||£.^„;(l+ f\\S/v{r)U^dr), 



where C depends only on the dimension d hut not on the viscosity v. 

Proof. We denote by aq the unique global solution of the initial value problem: 

dtCLq + V ■ Vdg - Adq = Aq/ := fq 

dq{0) = \a^. 



\'^\\l9°b2. , 
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Using Proposition 12.31 with r = +00 and s = one obtains 



Thus we deduce from the definition of Besov spaces that for all j > —1 
(33) WAfa^U^Lv < 2-5l'?-il(||A,aO||LP + ||/,||iiip)e^W, 

with V{t) := C Jq \\Vv{T)\\L^dT. Now by linearity one can write 

a{t, x) = aq{t, x). 

q>-l 

Taking € N that will be carefully chosen later. Then we write by definition 

j 1 



j \q-j\>N j \q-j\<N 

(34) = I + 11. 

To estimate the first term we use (I33p and the convolution inequality 

(35) < 2-^^e^W(||a°bo^ + ||/||,.^oJ. 

To treat the second term of the right-hand side of (j34p . we use two facts: the first one 
is that the operator Aj maps uniformly into itself while the second is the energy 
estimate. So we find 



j \q-j\<N 

^ (E( E Hh^ + Wfqhi 

j \q-j\<N 

(36) < iV(||a°bo^ + ||/||zj^o> 

Plugging estimates ([35|) and ([36]) into we have 



LP 



Taking 



TV 



2V{t) 



Llog2 



+ 1 



leads to the desired inequality. 



n 
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Appendix B. Commutator estimate 
Our task now is to prove the following commutator result. 

Proposition 5.4. Let u be a smooth function and v be a divergence- free vector field o/M"' 
such that its vorticity uj := curl v belongs to L°° . Then we have for all q > —1, 



\\[Ag,v ■ V]u||^^ < ||u||loo (^j|VA_if II^oo + {q + 2)\\uj\\l-= 
Proof. The principal tool is Bony's decomposition [2]: 

(37) [Ag,v ■ V]n = [Ag, T, • V]u + [A^, Ty. • v]u + [A^,R{v ■ V, .)]u, 
where 

[Ag, % ■ V]n = Ag(r^ • Vn) - ■ VA^u 

[Aq, Ty. • v]u = Ag{T\ru ■ v) - T\>AqU ■ V 

[Aq, R{v ■ V, .)]u = Ag{R{v ■ V, n)) - R{v ■ V, Agu). 
From the definition of the paraproduct and according to Bernstein inequalities 

\\[Ag,Ts/. ■ v]u\\l°o < ^ \\Sj-iVu\\Loo\\Ajv\\L^ 

li-g|<4 

(38) < IIuIIloo ||cj|[icx., 
where we have used here the following equivalence: Vj G N, 

|[ Aj?;|[j^oo Rr: 2"-^ II Ajwllioo . 

For the second term of the right-hand side of (ISTh . we have 

[Ag,n-V]u = ^[Ag,Sj-ivVAj]u, 
i>i 

= Yl [\,Sj^ivV]AjU. 
Ii-<?l<4 

To estimate each commutator, we write Ag as a convolution 

[Ag,Sj.iv ■ V]A,uix) = 2^^^ / /i(2«(x - y)){Sj.iviy) - Sj^Mx)) ■ VA,u{y)dy. 



Thus, Young and Bernstein inequalities yield, for \j — q\ < 4, 
(39) \\[Ag,Sj-iv\/]Aju\\^^ < 2-i\\VSj-iv\\L^\\AjVu\\Loo 

< ||V5j_lU||Loo llull^cx) 

< ( ||VA_i«||loo + (g + 2)||tj||L«> ) ||ii||L° 



Let us move to the remainder term. It can be written, in view of the definition, as 

Jq := [Ag, R{v ■ V, .)]u = IN' ■ VAj'+iU + tN' ^-1^] • VA_i+,u. 

i>q-4,j>o ie{o,i} 
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It follows from the zero divergence condition that 

ie{0,l} j>g-4,j>0 

ie{Ti,o} 

By the same way as ()39p one has 

1 

Plh^ ^ 2-'?||VA_it;||L^ J]]||VA_i+,u|Il^ 

i=0 

< ||VA_it;||Loo||n||ioo. 
To estimate the second term we use Bernstein inequality 

j>q~4,j>0 

«e{Ti,o} 

^ \\u\\l^ Y 2'''^'||AjL^||l- 
< ||a;||ioo ||u|jioo, 

This completes the proof of Proposition 15. 4[ □ 
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